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Abstract 



:^ 

i-G , Let i and p be odd primes. For a positive integer /u let k^ be the ray class 

2 . field of A; = Q(e~^) modulo 2p^. We present certain class fields X^ of k such that 

kfj^ < K^ < /c^+i, and find the degree of K^/k^ explicitly. And by using Shimura's 

reciprocity law we also construct generators of the field K^ over k^ in terms of 

^ . special values of theta constants. 

(N 

^. • 1 Introduction 

m 

^ ■ Let 77, be a positive integer, /c be a CM-field with [A; : Q] = 2n, k* be its reflex field and zq be 

the associated CM-point (§4). Shimura showed in [5] that if / is a Siegel modular function 
which is finite at zq, then the special value f{zo) belongs to some abelian extension of k*. 
And, his reciprocity law explains Galois actions on /{zq) in terms of action of the group 
Ga+ on / (Proposition USD. Here Ga+ = HpGSpsnlQp) x GSp^„(M) is the restricted 
product with respect to the subgroups GSp2„(Zp) of GSp2„(Qp). He also constructed in 
[7] Siegel modular functions by the quotient of two theta constants 



l^xeZ" ^[2 "^^"^ 



for r, s G Q", and explicitly describe the Galois actions on the special values of theta 
functions (§3). 
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In this paper, we mainly consider the case where k = Q(e^^^^^) for an odd prime £. 
Let p be an odd prime and /i be a positive ineteger. We denote by k^ the ray class field 
of k modulo 2p^. Komatsu investigated in [1] a certain class field Ki of k such that 
ki < Ki < k2 when i = 5, and constructed a normal basis of Ki over ki. In Section 
5, we define the class field K^^ of k such that k^ < K^ < A;^+i, which generalizes the 
concept of Ki. We shall first find the exact degree of K^ over k^ for any odd prime i 
(Theorem I5.5p . And, we shall further provide a necessary and sufficient condition for K^^ 
to be the ray class field /c^+i (Corollary 15. 6p . In Section 6, by making use of Shimura's 
reciprocity law we shall construct a basis of K^/k^ in view of special values of (^{^r,s){z) for 
some r^s ^ Q" at the CM-point corresponding to the polarized abelian variety of genus 
n = ^ (Theorem I6.3p . 

Notation 1.1. For 2; G C, we denote by 1 the complex conjugate of z and by lni{z) 
the imaginary part of z, and put e{z) = e^'^*^. If i? is a ring with identity and r,s & N, 
Mj.xs{R) indicates the ring of all r x s matrices with entries in R. In particular, we set 
Mj.{R) = MrxriR)- The identity matrix of Mj.{R) is written by 1^ and the transpose of 
a matrix a is denoted by *a. And, R^ stands for the group of all invertible elements of 
R. If G is a group and gi, g2, . . . ,gr are elements of G, let {gi, g2, . . . , gr) be the subgroup 
of G generated by gi,g2, ■ ■ ■ ,gr, and G" be the subgroup {g"' \ g G G} of G for n G N. 
Moreover, if if is a subgroup oi G,let \G : H\ be the index of H in G. For a finite algebraic 
extension K over F, [K : F] denotes the degree of K over F. We let (^ = e^'^*/^ be a 
primitive TVth root of unity for a positive integer A^. 

2 Siegel modular forms 

We shall briefiy introduce necessary facts about Siegel modular forms and explain action 
of Ga+ on the Siegel modular functions whose Fourier coefficients are in some cyclotomic 
fields. 

Let n be a positive integer and G be the algebraic subgroup of GL2n defined over Q 
such that 

Gq= {ae GL2niQ) I ^aJa = v{a)J with u{a) G Q""}, 

where 

^0 -1, 

1.. 






Considering 1/ as a homomorphism Gq — )> Q^ we denote its kernel by S'p2n(Q), namely 

Sp2n{Sl) = {a G Gq I *aJa = J}, 



and let Sp2ni^) = ^P2n(Q) n GL2n{^). We set Gq+ = {a E Gq \ u{a) > 0} and let 
Mn = {z E Mn{C) \ ^z = z, Im^z) > 0} be the Siegel upper half-space of degree n. Here, 
for a hermitian matrix $, we write .^ > to mean that C, is positive definite. 

Now, define the action of an element a = I j of Gq+ on EI„ by 

\G DJ 

a{z) = {Az + B){Gz + Dy\ 

where A, B,C,D E M„(Q). For every positive integer N, let 

r(iV) = {7 6 Sp2n{Z) I 7 = hn (mod N ■ M2„(Z))}. 

A symmetric matrix ^ G GLn{Q) is called half-integral if 2,^ is an integral matrix whose 
diagonal entries are even. For an integer m, a holomorphic function / : ]HI„ — )■ C is called 
a (classical) Siegel modular form of weight m and level N if 

(2.1) f{^{z)) = det{Cz + Drf{z) 

for all 7 = \ E '^(N) and z E ]HI„, plus for n = 1 the requirement that / is 

holomorphic at every cusp. In particular, f{z) has a Fourier expansion of the form 

f{z) = Y. A{Oe{tr{iz)/N) 

E, half —integral 

with A{^) E C, where ^ runs over all positive semi-definite half-integral matrices of degree 
n [3l §4 Theorem 1]. 

For a subring R of C, let 971^ (r(A^), i?) be the vector space of all Siegel modular forms 
/ of weight m and level A^ whose Fourier coefficients A{^) belong to R and let 9Jtm(-R) = 

oo 

M OJtm(r(A^), i?) . We denote by 2tm(-R) the set of all meromorphic functions of the form 

N=l 

g/h with g E Tlr+miR), y^ h E TlriR) (with any r E Z), and by 2l„(r(iV), i?) the set 
of all / E Qim{R) satisfying (ED). 

Now, let Ga be the adelization of G, Gq the non-archimedean part of Ga, and Goo the 
archimedean part of Ga. We extend the multiplier map z/ : Gq — ?■ Q^ to a continuous map 
of Ga into Q^, which we denote again by u. Then we put Goo+ = {x E Goo | J^{x) ^ 0} 
and Ga+ = GoGoo+- Here t ^ means t^, > for all archimedean primes v of Q. For every 
algebraic number field F, let Fab be the maximal abelian extension of F, and F^ the idele 
group of F. By class field theory, every element x of F^ acts on Fab as an automorphism. 
We then denote this automorphism by [x,-F]. On the other hand, every element of Ga+ 
acts on 2lo(Qab) as an automorphism ([TJ p.680]). If x G Ga+ and / G 2lo(Qa6), we denote 
by /^ the image of / under x. 



For a positive integer A^, let 



Rn = Q^ ■ {o ^ Ga+ I S € G'L2„(Zg), Og = l2n (mod A^ ■ M2„(Zg)) for all rational primes q}, 

'in 

X-lr 



A = < \ r \ |xG J]ZM. 



q 



Proposition 2.1. For every positive integer N, we have 

Ga+ = Rn a Gq+. 

Proof. |9i Proposition 3.4] and ^ p.535 (3.10.3)]. D 

Proposition 2.2. Lei /(z) = E5^(0e(tr(^2)/iV) e 2to(r(A^),Q(CAr)). T/ien w;e ^et 
the followings: 

(i) f^ = f for (3 e Rn- Moreover, 2lo(r(iV), Q(C7v)) is the subfield ofOioiQab) consist- 
ing of all the R^-invariant elements. 

(ii) Let y = { "' ] ^^ ^''^^ t be a positive integer such that t = Xq (mod NZg) 

\ U X • in J 

for all rational primes q. Then we derive 

fy = Y,Mire{tT{iz)/N), 

where a is the automorphism of Q{(]\f) such that Cn — Cn- 
(iii) f°' = foaforae Gq+. 

Proof. IS p.681] and Theorem 26.8]. D 

3 Theta functions 

In this section we shall provide necessary fundamental transformation formulas of theta 
functions and describe action of Ga+ on the quotient of two theta-constants. 

Let n be a positive integer, m G C", 2; G ]HI„ and r,s & M"'. We define a (classical) 
theta function by 

6(m, z; r, s) = \^ ef - ■ *(x + r)z{x + r) + *(x + r){u + s)). 

Proposition 3.1. Let r,s eW- and a, 6 g Z"-. 
(i) Q{—u,z]—r,—s) = Q{u,z;r,s). 



(ii) Q{u,z;r + a,s + b) = e(^rh)Q{u, z\ r, s) . 
Proof. [7, p.676 (13)]. D 

For a square matrix 5, by {S*} we mean the column vector whose components are the 
diagonal elements of S. 

Proposition 3.2. For every 7=1 j e r(l) such that {*AC}, {*5D} e 2Z", 

vje get the transformation formula 

'^rs — ^r's'\ . ,„ „.i/o /I 



Q{\Cz + D)"^u,7(2); r, s) = X^e( ^^ ^^ ) det{Cz + DY/^e{- ■ 'u{Cz + DY^cu)Q{ 



u,z;r',s'), 



where X^ is a constant of absolute value 1 depending only on 7 and the choice of the 
branch of (iei{Cz + D)^^"^ , and 



r \ i I r 

, = 7 ^ 
s \s 



In particular, A^ = 1 for 7 G r(2). 

Proof. [71 Proposition 1.3 and Proposition 1.4]. D 

Here, the functions 0(O,2;;r, s) are called theta- constants, and these are holomorphic 
on EI„ as functions in 2; (|7l Proposition 1.6]). 

Proposition 3.3. Suppose that r, s belong to in Q". Then the theta constant 0(0, z; r, s) 
represents the zero function if and only if r,s E |Z" and e(2 ■ *rs) = —1. 

Proof. [21 Theorem 2]. D 

Let 

9(0,^;r,g) 

'^'-'"'^^ ' 9(0, z; 0,0)- 

Note that the poles of (^(r,s){z) are exactly the zeros of 6(0, z; 0, 0) = J2xeZ" ^( I *xzx ) . 
When n = 1, 0(0, z; 0, 0) has no zero on Hi by Jacobi's triple product identity [H Theorem 
14.6]. 

Lemma 3.4. For r,s eW^ and a,b E Z", we achieve that 

(i) ^(^^r,-s){z) = ^ir,s){^), 

(ii) ^(^r+a,s+b){z) = e{^rb)^i^r,.s){z), 



(iii) //7 = ( ) e r(l) such that {^AC}, {^BD} G 2Z", then we obtain 



t^^. tuj^ 



^(r,s){l{z)) =e( ""^ ^ '''^ ^^^r',s'){z 



where 



r \ , I r 

, = 7 , 
s \ s 



Proof. It is immediate from Proposition 13. II and Proposition 13.21 D 

Proposition 3.5. Let fi andm he positive integers andletr,s E — Z". Then^(^r,s){fJ'Z) 
belongs to 2lo(r(2/i?7i^), Qafe) . Moreover, if x is an element of A such that 

Xq = \ "' I mod 2/im^M2„,(Zq 



tl 



IT- , 



for all rational primes q and a positive integer t, then 

<l>(r,,)(/i2;)^ = <l>(r,t,)(/i2;). 
Proof. ^ Proposition 1.7]. D 

Corollary 3.6. For m g N and r,s e — Z", let 

\ X-lnJ 

with (5 G R2m? , X G TT Z^ , and a G Gq^ . Then 
q 

where t is a positive integer such that t = Xg (mod 2?Ti^Zq) for all rational primes q. 
Proof. This can be proved by Proposition 12.21 and Proposition [3751 D 

4 Shimura's reciprocity law 

We begin with fundamental but necessary facts about Shimura's reciprocity law [SI §26]. 
Let n be a positive integer, K be a CM-field with [/T : Q] = 2n and Ok be a ring of 
integers of K. And, let y^i, (y92, • • • , V'n be n distinct embeddings of K into C such that 
there are no two embeddings among them which are complex conjugate of each other on 
K. Then {K\ {</?!, ip2i ■ ■ ■ , '^n}) is a CM-type and we can take an element p in K such 
that 
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(i) p is purely imaginary, 

(ii) — p^ is totally positive, 

(iii) Im(p'^^) > for alH = 1, . . . , n, 

(iv) Trx/Q(px) G Z for all a; G 0/<. 



We denote by t'(/3), for f3 E K, the vector of C" whose components are Z?*^^, . . . ,/?'''". 
Let L = {v{a) | a G Ox} be a lattice in C". For z = ^{zi, Z2, ■ ■ . ,Zn) and w = 
*(u'i, W2, ■ ■ ■ , Wn) in C"', we define an M-bilinear form E{z, w) on C" by 

n 

E{z,w) = y^^ p'^' {zjWi - TiWi) . 

i=l 

Then E becomes a non-degenerate Riemann form on the complex torus C^/L satisfying 

E{y{a), v{/3)) = Tik/qipaP) for a,/3 e K, 

which makes it a polarized abelian variety ([H p.43-44]). Hence we can find a positive 
integer 6, a diagonal matrix e with integral elements, and a complex (n x 2n)-matrix ^2 
such that 



(i) E{Qx, Qy) = S ■ *xJy for (a;, y) G 
aG Z",6g eZ"|, 



^2n ^ ^2n 



("'^-{"(:) 



111 e 



ei 



\ 



£2 



ei = 1, ej I ej+i for z = 1, . . . , n - 1. 



([HI Lemma 27.2] or [7J p. 675]). Now, we write ^2 = (Vti VL2) = (^'(^1) ^'(^2) ■ ■ ■ ^'(^2n)) 
with fii, r22 G M„(C) and ei, 62, . . . , e2n ^ -f^, and put Zq = fig'^fii. It is well-known that 
Zq G Mn- Let $ : J^iT — )> M„(C) be a ring monomorphism such that 



/a^ 



$(«) 



a^i 



\ 



a 



f2 



\ 



a 



<^n 



for a E K. 



Then we can define a ring monomorphism h : K ^ Af2n(Q) by 

<l>(a)fi = fi ■ ^h{a) for a G /sT. 



Here, h{a) = (oij)i<. -^^ ^^ ^^ ^^'^^ ^^^ regular representation of a with respect to 



{ei,e2,. . . 


2n 

,e2n}, namely acj = > ctijCj. If e = 1„, then L = t'((9i^) = ^2 • Z^" = 


Zv{ei) + ■ 


■ ■ + Zi;(e2n) so that h{u) G M2„(Z) for u G (9^. One can then readily show 



h{a) = J ^h{a)J ^ for a G K, 

and zq is the CM-point of EI„ induced from h which corresponds to the principally po- 
larized abelian variety {C"-/L,E) ([3, p. 684-685] or [H §24.10]). In particular, if we put 
S = {ae K"" I aa G Q^} then h{S) = {a G Gq+ \ a{zo) = zq}. 

Let K* be the reflex field of K and K' be a Galois extension of K over Q, and extend 
ipi {i = 1, ... ,n) to an element of Gal{K'/Q), which we denote again by ipi. Let {ipj}JLi 
be the set of all the embeddings of K* into C obtained from {yj^^}"^^. 

Proposition 4.1. Let K, K* and {'ipj} be as above. 

(i) {K*; {ipi, . . . , ipm}) is a primitive CM-type and we have 

K* = q(J2(^'^^ I aG /stV 

i 

(ii) ///3 = Hj ct^' with a G K*, then /S e K and /S'^ = iVx*/Q(a). 
Proof. [H p.62-63]. D 



We call the CM-type {K*; {^pj}) the reflex of {K; {v?j})- By Proposition 14. 1[ we can 
define a homomorphism ip* : (/f*)^ — )■ /C^ by 



(^*(a) = 11"'^' ioiae {K* 



and we have (p*{a) ■ (p*{a) = NK'/qia) for a G (K*)^ . The map /i can be extended 
naturally to a homomorphism Kj^^ — )■ M2„(Qa), which we also denote by h. Then for 
every b G {K*)l we get z/(/i(y^*(6))) = iVi^./Q(^) and /i((/^*(6)"i) G Ga+ ([S p.l72]). 

Proposition 4.2 (Shimura's reciprocity law). Let K , h, zq and K* be as above. Then 
for every f G 2lo(Qafe) which is finite at zq, the value f{zo) belongs to K*^. Moreover, if 
b G {K*)l, then /'*(^'W) is finite at Zq and 

Proof. El Theorem 26.8]. D 
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5 Class fields over cyclotomic fields 

We let i and p be odd prime numbers. We also write for simplicity C = 0- Set k - 
and n = ^ so that 2n = [k : Q]. For 1 < z < 2n we denote by (pi the element of 
Gal{k/Q) defined by (fi{C) = C- Then {k; {(pi, (f2, ■ ■ ■ , fn}) is a primitive CM-type and 
(k; {ipi^, ^2^, . . . , ^n^}) is its reflex ([H p. 64]). For a positive integer /i, put S^ = {a E 
k^ \ a = 1 (mod 2p^)} and S"^ = {(a) | a G S^} where (a) is the principal ideal of k 
generated by a. Let E be the unit group of k and let k^ be the ray class field of k modulo 
2p^. Then we have 

Gal( Vi/^m) = 5^/5^ = S^E/S^+iE = S^/S^+,{S^ n E) 
by class field theory. Further, we let H^ = 5*^+1 (S*^ fl E) and 



u 



11,1 



1 + 2p''C for 1 < i < n + 1 

1 + 2p''(C" + C"^^ - C' - C^') ioT n + 2<i<2n. 



Since the ring of integers Ok of k is equal to Z[(] and 5'^/S'^+i is isomorphic to Ok/pOk 
by a mapping 

S,/S,+i -^ Ok/pOk 
(1 + 2p^uj)S^,+i ^^uj + pOk for w G Cfc, 

we obtain 5^/5^+i = {Z/pZY'' and 

5^/Vi = ((1 + ^P'C)S„ (1 + 2p^e)S„ . . . , (1 + 2p^C'")5m)- 



Let i? = (bij) G M2„,(Z) where bij is an integer such that 
Then we get 



u 



Mi* 



^ + ^p'{E%A^C)- 



B 



/ 1 







■■ 


■ ° ^ 


1 












1 





■■ 


■ 







1 








-1 1 


1 


-1 




V-1 


1 


1 




-1/ 



Hence, S^/Sf,+i = {u;^aS^+i,u^^2S^+i, ■ ■ . , w^,2n5'^+i) because det(5) = (-1)" ^ is prime 
to p. This shows that Sf,/Hf, = {u^^iH^,u^^2H^, . . .,u^^2nH^) due to the fact H^ D S^,+i. 



Now, we define an endomorphism ip* oi k^ by 

n 

1=1 
and an endomorphism ip~^ of k by 

n 

'^'^{a) = 2_^ '^'^' for CL ^ k. 
1=1 

And, we let 

_ J 1 + 2p^'ip+{C) for 1 < z < n + 1 
^^'* ~ \ I forn + 2 < i < 2n 

so tliat ip*{u:^^i)H^ = rj^iH^ for all 1 < i < 2?i. Since ip*{H^) C -ff^, we can define 
an endomorphism y?* of S^/H^ by ip*^{aH^) = ip*{a)H^. If /r^ is the class field of k 
corresponding to the kernel of if* , then we achieve 

(5.1) Ge.\{K^/k^) ^ 5./Vfcer(^) = ^^{SJH^) = {v>.,iH^, v^^^H^, . . . , r/^,„+iif;.). 
Observe that K^ is the fixed field of < ( '^'/-tjV " ) I '^-^m ^ ker(ip*) > and 

G.,(^„/y.((W*),(^),...,(W^)), 

Here, ( "^"'" ) is the Artin map of k^j^i/k. 



Proposition 5.1. Let N he a positive integer, K = Q(CAf) (^iT-d K'^ he its maximal 
real suhfield. Let E (resp. E^ ) he the unit group of K (resp. K^) and W he the group of 
roots of unity in K. Then we have 

,„ ^^,„, , I 1 if N is a prime power 
\E : WE+\ = ^ ■' 

I 2 if N is not a prime power 

Proof. [TTi, Corollary 4.13]. D 

Proposition 5.2. Let i he any prime and ttt, G N. Let Q{Ce"^)~^ he the maximal real 
suhfield of Q{(im) and E^ he its unit group. Further, we let C^ he the suhgroup of E^rn 
generated hy -1 and the real units 



1- 



ea = C/-^4^eM, l<a<V (a,£) 



/,+ I rp+ . /^+ I 



Then 

where h^n is the class numher of ( 
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Proof, [m Lemma 8.1 and Theorem 8.2]. D 

Lemma 5.3. Let I he an odd prime andp be an odd prime such thatp\ ih^, where h'l 
is the class number of the maximal real subfield of k. Then iJ^/S^+i is generated by real 
units of k for all fi &N. 

Proof. The {2ihf)-th power mapping of S'^/S'^+i induces an automorphism of itself 
because {p,2ihf) = 1. Thus the image of -E fl 5^ in S'^/S'^+i is the same as that of 



E' 



2£h1; 



2eh+ 



nS^. By Proposition O and [521 ^ ' C {C | 1 < a < |) where ^^ = C 
Therefore iJ^/S^+i = 5*^+1 (-E^^^^" fl S'^)/5'^+i is generated by real units of k. 



I — a 1 /-a 



i-c 



D 



rriij) t ivi(„+i)x2 



Let Mf^{p) = {rriii) G M, 
Z/pZ. Then we get 



„(Z/j»Z) where rriij is the coefficient of (^ in ip~^[(^) in 






rrii 



1 iifj G{1,2, 
otherwise. 



, n} in Z/iZ 



We can then easily see that the rank of M^{p) is equal to the dimension of the vector 
subspace (?7^,iS'^+i, ?7^,25'/,+i, . . . , ?7^,„+i5'^+i) in S'^/S'^+i. 

Lemma 5.4. Let l and p be odd primes and /i G N. For 1 < i,j < 2n, let 



Hi 



1 z/ z-j G {1,2, ...,n} mZjlZ 
otherwise 



and let Ng = (nij)-^^. .^^ G M„(Z). Then the images ?7^,i,?7/i,2, • • • , '7/i,n+i (ire linearly 
independent in S^/S^+i if and only if p\ det(A''£). 

Proof. Let A''^ = (nj,) i<i<n+i G M(„+i)x2n(Z/j9Z). It is clear that rank(M£(p))=rank(A''^) 

l<j<2n 

Hence the images ?7;x,i,?7^,2, • • • , '7At,n+i are linearly independent in S^/S^+i if and only if 
A'^ has rank ra + 1. Now, we claim that rank(A'^) = n + 1 if and only if A''^ induces the 
following row echelon form 



/ 1 



(5.2) 



-1\ 



v 



1 / 



The "if" part is obvious. Note that if Uij = 1 (resp. 0), then Ui £_j = (resp. 1) because 
there are no two automorphisms among ipi,ip2, • • • , V^n which are complex conjugate of 
each other. Let Vi be the ith row vector of A^^ for 1 < i < n + 1 and let 



(4) 



l<i<2n 



2f j — f n — Vn+1 for 1 < i < n 

Vn + Vn+i for Z = 77, + 1. 
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Observe that v^_^i = (1 1 ■ ■ ■ 1) and 2 G (Z/pZ)^. For 1 < i < n, ii v^j = 1 (resp. -1) 
then Vi e^j = —1 (resp. 1). Thus we can write v^ as a hnear combination of the row vectors 
of the above row echelon form fl5.2p . and hence the claim is proved. By the above claim 
rank(A^^) = n + 1 if and only if det ( ('^ji)]^<j xn+i ) ^ '-' (mod p). Since 

{-nij+nnj+nn+ij)^^.^^_^^ = iO ■■■ 1), 

we derive 

det(K),<,^^.<„^,)=det(iV,). 

This completes the proof. D 

Theorem 5.5. Let £ and p be odd primes and put n = ^. Further, let Mi{p) and 
Ne be as above. If p \ ih^n, then for every fi eN we deduce 

Gal{K^/kf,) ^ (Z/|)Z)'^'^"^(^^^(P)\ 

And, ifp\det{Ni), then we obtain 

Ge^\{K,/k,) ^ {Z/pZY+K 

Proof. By (15. ip it suffices to show that the dimension of (?7^,i5'^+i, ''7^,2'S'^+i5 • • • , '^^l,n+lS^+l) 
in 5^/5^+1 is equal to the dimension of (?7^,ii?^, r]i^,2H^, ..., ?7^,n+ii^^) in S^/Hf,. If n = 1, 
then H^ = 5"^+! by Lemma 15. 3j hence we are done in this case. Thus we may assume 
n > 2. It is well known that Z[(^ + (~^] is the ring of integers of the maximal real subfield 
Q(C + C"^) of A; and [Q(C + C"^) : Q] = ri (P Theorem 4]). Therefore, if m^^+i G HjS^^i, 
then by Lemma 15.31 we can write 

u = l + 2p^{ao + ai(C + C"') + a2(C + C? + ■■■ + «n-i(C + C"')"'') ^S^nE 
for some ai^TL with 0<?<n — 1. Ifp|ajforl<'i<n — 1, then 

^Q(C+C-^)/qM = l + 2p'^nao (mod 2^'^+^) 
= 1. 

Since p\n, we have p \ oq and so n G 5^+1. 
Now, we set 



-\\n-\ 



ao + aiiC + C"') + a2(C + C"')' + ■ ■ ■ + an-i(C + C" 

bo + hC + b^e + ■■■ + bnC + bnC" + fen-iC"^"^'^ + ■ ■ ■ + biC-\ 
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where bi & Z for < i < n. Observe that 6„ = 0, 6„_i = an-i and bn-2 = On-2- Consider 
the following matrix 

/ 1 -1 \ 

1 -1 



M 



e M(„+2)x2n(Z/pZ) 



1 -1 

1 1 ■■• 1 

\bi-bo b2-bo ■■■ bn-bo b^ - bo ■■■ 62 - ^0 h - bo J 

The last row of M is induced from the coefficients of (^ for 1 < j < 2n in b. So, M is row 
equivalent to 



/ 



M 



\ 



\ 

/l 



1 -1 

1 1 

2(6„-6o) 2(6„_i-6o) 

-l\ 
-1 



!(&i - bo) J 







1 -1 

1 1 ■■■ 1 

26„„i ■■■ 2biJ 



because 6„ = 0. 



Here we claim that if m ^ •S'^+i, then the rank of M is n + 2. Indeed, if p f a^-i or p f 0^-2 
then we are done. Otherwise, we get 

bn-3 = an-3 (mod p) 
bn-i = an-i (modp). 

Hence by induction we ensure that the rank of M is n + 1 if and only if p | Oj for all 
1 < 2 < n — 1. Since u ^ >S'^+i, we obtain p \ ai for some 1 < i < n — 1, and the claim 
is proved. In the proof of Lemma [5.41 we already showed that every row vector of M^(p) 
can be written as a linear combination of the row vectors of the matrix f l5.2p . Therefore, 
if M ^ 'S'/i+i then by the above claim for each 1 < i < n + 1 the images of ?7^^j and u in 
S^/S^+i are linearly independent, as desired. Furthermore if p f det(A^^), then by Lemma 
15.41 we achieve rank(M£(p)) = n + 1. D 
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Corollary 5.6. Suppose p\ ih'ln. Then K^ becomes the ray class field /c^+i for all 
/i G N z/ and only if dim.z/pz{Hi/S2) = n — 1 and p \ det(A''^) . 

Proof. Suppose that dim.z/pz{Hi/S2) = n — 1 and p \ det(A''^). We claim that 
diraz/pziHfj^/ S^^i) = n — 1 for all /i G N. Indeed, let 61,62, ■■■ ,en-i be elements of 
5*1 n -E" whose images form a basis for Hi/ 82- Since e\ E H2 — S^ for all i, the images 
6^,62, ■ ■ ■ ,£n-i turn out to be a basis for H2/S3. And by induction the claim is proved. 
By Theorem 15.51 and the assumptions, we deduce 

\Ga\{K,/k,)\ = [^^{SjH,)\=p^+\ 
|Gal(fc,+i/M| = \S,/H,\= f^'f^^'\ =p^^\ 

Therefore K^ = k^^i because K^ C /c^+i. 

Conversely, suppose that K^^ = /c^+i for all /i G N. It follows from the proof of 
Lemma 15731 that |iJ^/S'^+i| < p^~^, and so |Gal(A;^+i/A;^)| > p"-'^^. On the other hand, 
|Gal(-K'^/A;^)| < p""^^ by the formula (15.11) . Since /f^ = A;^+i, we have dim.z/pz{Hi/S2) = 
n — 1 and |Gal(i^^/A;^)| = p'^+i; hence p\ det(A^£) by Lemma [5.41 and Theorem 15. 5[ D 

Remark 5.7. (i) We are able to show that det(A''£) 7^ for £ < 8000 with an aid 
of computer computation, from which we conjecture that det(A'£) 7^ holds for all 
odd primes i. 

(ii) Let C.a = C^ ■ ^jz^ G M for 1 < a < |. When £ = 5, we obtain 

^f = 1 (mod 14) 
^ 1 (mod 98). 

Thus dim2/72(ifi/S'2) = 1, and Corollary 15.61 holds for p = 7. In a similar way, we 
can show that dim.z/pz{Hi/S2) = 1 holds for all odd primes p < 101 except p = 3. 
When £ = 7, we see that diinz/pz{Hi/S2) = 2 holds for all odd primes p < 101. 
So, we also conjecture that for each odd prime i, dim.z/pz{Hi/S2) = n — 1 holds for 
almost all odd primes p. If the above two conjectures are true, then we have the 
isomorphism 

Gai{k,+i/k,) ^ {z/pzr+^ 

for each odd prime i and almost all odd primes p. 
(iii) The following table gives rise to the generators of H1/S2 for £ = 5,7. 
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p 


generators of H1/S2 


i=5 


(i=7 


3 


1 


£l82 £l82 
S2 'S3 


5 


£60 
S2 


£868 £868 
S2 'S3 


7 


ef 


£42 £42 
S2 'S3 


11 


£30 
S2 


£1330 £1330 
S2 'S3 


13 


a' 


£84 £84 
S2 'S3 


17 


i? 


£17192 £34384 
S2 'S3 


19 


^f 


£•16002 £16002 
S2 'S3 


23 


£528 
S2 


£12166 £12166 
S2 'S3 


29 


£848 
S2 


£28 £28 
S2 'S3 


31 


£30 
S2 


£69510 £69510 
S2 'S3 


37 


£684 
S2 


£16884 £16884 
S2 'S3 


41 


£l20 
S2 


£280 £280 
S2 'S3 


43 


£1848 
S2 


£42 £42 
S2 'S3 



P 


generators of H1/S2 


i=5 


i=7 


47 


£2208 
S2 


£726754 £726754 
S2 'S3 


53 


£•1404 
S2 


£148876 £148876 
S2 'S3 


59 


£174 
S2 


£1437646 £1437646 
S2 'S3 


61 


£60 
S2 


£40740 £40740 
S2 'S3 


67 


£•4488 
S2 


£100254 £100254 
S2 'S3 


71 


£210 
S2 


£70 £70 
S2 'S3 


73 


£•1332 
S2 


£•226926 £453852 
S2 'S3 


79 


a' 


£164346 £164346 
S2 'S3 


83 


£6888 
S2 


£574 £574 
S2 'S3 


89 


£l32 
S2 


£1233694 £4934776 
S2 'S3 


97 


£2352 
S2 


£672 £672 
S2 'S3 


101 


£300 
S2 


£•7212100 £7212100 
S2 'S3 



6 Construction of class fields 

We use the same notations as in Section 5. Let k 

that 2?T, = [A; : Q]. Let w : /c — > C" be the map given by v{a 

lattice in C" and p — ^^ — 



with C = ^-iid n = ^ so 
) = : , L = v{Ok) be a 

^ E k. Then p satisfies the conditions (i)~(iv) in §4. And, we 
have an M-bilinear form £■ : C" x C" — ?■ M defined by 



E{z, w) = ^ p'^' {ziWi - ZiWi) for z 



i=l 



(zA 



\zj 



w 



/UJl\ 



\WnJ 



which induces a non-degenerate Riemann form on C"/L. Let 

C^* for 1 < 2 < n 

^C^^'"^ forn + l<z<2n. 
i=i 

Since {ei, 62, ... , 62^} is a free Z-basis of Ok, {^(ei), ^(62), . . . , f (e2„)} is a free Z-basis of 
the lattice L, and we get 

^E{v{e.),v{e,))) = J. 

/ l<i,j<2n 
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Now, let 

fi = (t;(ei) v{e2) ■■■ t^(e2„,)) e M„x2n(C). 

Then fi satisfies 

L = {^\] I a,beZ''Y 

E{VLx, VLy) = *xJy for (x, y) E M^" x M^" 

because E is M-bilinear. Tlius 6 = 1 and e = 1„ in §4. Write Q = {Qi Q2) witli 
1^1, f22 G A£„(C) and put Zi = rig^^rii G ]HI„. We define a ring monomorpfiism h of /ca into 
M2n(QA) as in §4. Tlien ze is tlie CM-point of EI„ induced from h corresponding to the 
polarized abelian variety {C^/L, E) which is in fact a polarized Jacobian variety of the 
curve y"^ = l-x^ m p.ll3]). 

Let p be an odd prime and r,s E Q". We denote by h the set of all non-archimedean 
primes of k and by a the set of all archimedean primes of k. For given u G Ok prime to 
2p, we set 

v\2p v\2p 

Here x„ is the f -component of x G /c^. If $(r.s) is finite at z^ then by Proposition 14.21 and 
[SI Chapter 8 §4], we obtain 

^ir,s){zd^'^^ = *(r,.)(^.)f^''l = ($(.,.))'(^*^^"»(^.) for U G O,, 

where k' is a finite abelian extension of k containing ^ i^r,s){z() . 

Lemma 6.1. Let p be an odd prime, /U G N, r, s G -71^" '^'^^ ^i be as above. Assume 
that Zi is not a zero ofQ{0, z; 0, 0). Ifp \ £hfn, then ^i^r,s){zey°' G K2ii-i-a for < a < fi. 

Proof. By Proposition [33] and [3 p.682], ^{r,s)iz) belongs to %{T{2p^^'),Q{C2p2^)) 
as a function, so it is i?2p2M-invariant. Let uH2^-i-a G keT{ip2^_^_a) such that f*{(jj) G 
H2^i~i-a- Since p \ ihfn, from the proof of Theorem 15.51 we get that {(fi* {S2i_i^i-a) H 
H2,,^i^a)/S2^^a = {0} ■ Hcuce ^* (u) G S2^^a- Write ip*{u) = l + 2p^^-"uo with CUo G Ok. 

{k'/k\ 

Then it suffices to show that (^^(^r,s){zey") ^ '•'^'> ^ = ^(^r,s){zey" . By the strong approxima- 
tion theorem for Sp{n) there exists a matrix /3 G r(l) such that 

\ V-ln 



where u := u [h{ip* (uj))) = Nk/qiuj) = ip*{uj) ■ ^*{<^) = 1 + 2p^^ "tjq for some Vq G Z. In 
fact, (3 belongs to r(2) owing to the facts /i((y9*(a;)) = l2n (mod 2) and t' = 1 (mod 2). 
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Thus for all rational primes q we obtain 

/i(^*(^5"i))^ I ^; M/3 (mod 2p2'^M24Z,)). 
And, by Lemma [3.41 and Corollary 13.61 we get that 



where 



r' \ , ^ I r 



e ^ $(,',,') (^^)' 



s' / \vs 



*/3 ^ *M^*M) 



f 2p2M-" ■ */i(a;o) 1 (mod 2/^) 



Let a, 6 G 2p''-°Z" C 2Z" such that ( ^ ) = 2p2A'-" . t/i(c^g) T j . Then by Lemma [331 
and Proposition 14.21 we derive that 

= (e( ^--^(-+")(-+^^ )e(V&)$(,,.)(^,- 

= $(r,s)(2£)^". 

D 



Let /i G N. Assume that r, s G ^r^"" ^^^ 2;^ is not a zero of 9(0, z; 0, 0). Consider the 
matrices h(^Lp* {uj2^-i~a,j)) for 1 < j < n + 1 and < a < ^ — 1. Then we achieve 

= l2„ + 2|,2M-i-"/i(<^+(C^)) + 2p2/^-/i(u;o) 
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for some uq G Ok- Also, we can deduce without difficulty 



MO 



/ 





-1 -1 







1 

1 1 
1 1 



V 1 



-1 1 
-1 1 



\ 



-1 1 











/ 



Now, again by the strong approximation theorem for Sp{n) there exists a matrix l32^-i-a,j ^ 
r(l) such that 

h{ip*{u2^,-l-a,j)) = { "^ ^ ] I32i,-i-a,j (mod2/^), 

y V2f,-l-a,j ■ In) 

where V2^,-l-aJ ■= z/(/i(v5*(w2/.-i-qj))) = Nk/Q{uj2t,-i-a,j) = 1 - 2p2M-i-° + 2p2M-"^^. for 
some Vj G Z. In fact, /32/x-i-aj belongs to r(2) due to the facts h(^ip* {u2fi-i-a,j)) = ^2n 
(mod 2) and f2^~i-aj = 1 (mod 2). Thus for all rational primes q we obtain 



/^(^*fe-i-.,)) 



2fj,~l~a,j J J q 



V2^^ 



(3: 



2/x-l-aj 



(mod 2p2/^M2„(Z,)). 



l—aj ' J-n , 



By Lemma 13.41 and Corollary 13.61 we get that 



$(^_^^M^*(^.-;_._..,))(^^) = $(,,,,^_,_,^„)(/32^_i_„,,(z,)) 



el ^ )<^^r',s'){ze), 



where 



*/3: 



2^,-l-a,j I = ^h{ip*{u2^,-l-a,j)) 

V2^i-l-a,jS \S 



+ 2p2A'-i-" . */.((^+(C^)) 1 + 2p2A'-" . */,(c^o) 
For each j, let a2ij.-i-a,j,b2^-i-a,j G 2p^~-'^~"Z" C 2Z'" such that 



r 



mo 



d 2^2^*). 



fl2^-l-Q,j 



^2^-l-a,i ^ 



r 
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And, let c,d e 2p^~"Z" C 2Z" such that ( ^ ) = 2^^^'-" . ^h{ujo) []■ Then by Lemma 

13.41 and Proposition 14.21 we derive that 
(6.1) 

V 

p-th root of unity 

For given r^, Sj G Z" with 1 < z < n + 1, let r = (ri)i<i<„+i and s = (si)i<i<„+i. And, 
we set ^[r,s;tM,i]{z)p = $( 1 r^ 1 ,^)(2;) for each fxEN. 

Lemma 6.2. Let r = (rj)i<j<„+i and s = (sj)i<j<„+i for given ri,Si G Z". T/ien 

for each 1 < i,j < n + 1, there exists an integer a^ such that ^ir,s;i,i]{zi)p "^'^ = 
Cp''^^[r,s;i,i]{ze)p for all odd primes p. 

Proof. Substituting r = -ri, s = -Si into the formula (16.11) we get 

p ^[r,s;l,i][Ze)p, 

where aij,bij G 2Z" such that '^ \ = 2 ■ '^h[ip~^{(^)) M. Hence aij := —^rtSi + 
^(^'"j^ij ~ *«ijSj) is an integer which does not depend on p. D 

We put y4^(r, s) = (ajj)i<jj<n+i G M„+i(Z) where Uij is an integer satisfying 



$[r,s;l,*](;2£)p '"'■'■'' = Cp'^' $[r,s;l,*] (2;£); 

for all odd primes p. Note that A^(r, s) does not depend on p by lemma [672] 

Theorem 6.3. Lei i and p be odd primes, n = ^ and yU G N. And, let r, s, zi and 

n+l 

A^ir^s) he as above. Assume that zi is neither a zero nor a pole of 1 [ ^[r,s;fj.,i]{z)p- If 

i=l 

p f ih'^n ■ det (^^(r, s)) , then we have 

19 



for < a < fi — 1. Moreover, if dim.z/pz{Hi/ S2) = n — 1 then we get 

for < a < fi — 1. 

Proof. Let x^j j = 4r^i and y^^j = -^Si for each /i and i. Then x^^j = -jt^t-Xi^j and 
JfiA = ^yi,i- By Lemma ErU ^[r,s;f,,i]{zi)f G ^2^-1-0- From the formula I^J^ we 
obtain for 1 < i,j < n + 1 

{%,s;U^df)^^^^^^ = e(V^"^-^x,,y,,)e( '"^'-^^^-^'^-^'"^^-^'^-^^'- )$,,,,,](..)f, 
where 02^-1 j, &2/i-i,i ^ 2p^~^Z" such that 

'«2;.-ljj ^ 2p2M-l.*/,(^+((J)) (^/^'^ 

Hence we ensure 

(g_4) ($M;,.](^.)r)^fe^^ = e{-p ■ ^xi,yi,)e( ^^--''-%^"-^-- )$[.,s;,,](^.)r 

where ajj is the {i,jy^ entry of ^^(r, s). Now, we observe that for 1 < z < n + 1 there 

exists 7i G A;2^-l-a('^[r,s;A*,l](^£)p°, *[r,s;A«,2](2;^)^°, • • • , ^[r,s■,^,,n+l]iZi)f) with 



7i if jV ^ 



because pf det(A^(r, s)). Since |Gal(ii'2^-i-a/^2/i-i-a)| < p"+^ by ( 15. ip . we derive 

Therefore ( 16. 2 p is proved. 

If dim2/pz(ifi/S'2) = ra — 1, then from the proof of Corollary 15.61 we get 



n+l 



|Gal(/C2/,-a/A;2M-l-a)| =P 

Since |Gal(i^2/.-i-a/fc2M-i-a)| = P""*"^ and if 2^^-1-0 C ^2^-0, we conclude A'2/x-i-a = 
k2^-a- Hence (16. 3p is proved by (16. 2p . D 
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Although we omit in the above theorem the case where p divides det(yl^(r, s)), by 
utihzing Theorem 15.51 we might find suitable generators of K^ over /c^ for each /i G N. 

Let To = {ri)i<i<n+i and Sq = {si)i<i<n+i where n = *(1,0, ...,0) G Z" and Si = 
*{(^i)j)i<j<n e Z" for 1 < z < ra + 1 with 

(s)= I ^ if ^'<^ 
1 otherwise. 

Here we observe that $[ro,so;M,«](-^)p i^ ^^^ identically zero for all fj, and i by Proposition 
[331 

Corollary 6.4. Let i and p be odd primes and zi be as above. Put n = ^ and 

n+l 

/x G N. Further, we assume that zi is neither a zero nor a pole of TT ^[ro,so;/j.,i]{^)p- 

i=l 

(i) Let i = 7. If p j^ 3,7, then we have 

(6.5) K2f,^l-a = fc2M-l-a('^[ro,so;A.,l](^7)f ,'^[ro,so;A.,2](^7)f ,---,'^[ro,so;M](^7)f ) 

for < a < fj, — 1. 
(ii) Let i = 11. If p ^ 3,5,11, then we have 

(6.6) A'2^„i_« = A;2M-l-a('^[ro,so;M,l](^ll)f ,'^[ro,so;M,2](^ll)f ,---,*[ro,so;M,6](2ll)f ) 

for < a < fi — 1. And, if p = 3 then we get 
(6.7) 

K2fi-l-a = k2,i-l-a{^[ro,so;iJ.,l]{^n)3 ; '^[ro,so;/x,2] (^11)3 ; • • • ) '^[ro,so;/i,5] (^11)3 )• 

(iii) Let i = 13. If p ^ 3,5, 13, then we have 

(6.8) K2^-l-a = fc2M-l-a(*[ro,so;/.,l](2l3)f , $[ro,so;M,2](2:i3)f , • • • , $[ro,so;M,7] (^^is)^) 

for < a < fi — 1. And, if p = 5 then we get 

(6.9) K2^^i^a = k2^,-l-a{^[To,so■,^l,l]iZl3)l ,^[vo,so;f^,2]izi3)l , . . . , $[ro,so;M,6] (^13)5 )• 

(iv) Let i = 5. Then we have 

(6.10) i^2M-l-a = k2^-l-a{Cp^^~^,%o,so■,^^,l]iz5)f,%o,so■,^^,3]{z5)f) 

for < a < fi — 1. 
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Proof. Let the matrix Mi{p) be as in Lemma [5^ Note that h^ = 1 ioi i < 67 ( Jill 
p.352]). 



(i) Using the formula (16. ip we can find $ 
follows: 



[ro,so;i,i]{z7)p "''' for each 1 < i, j < 4 as 



/_Ki/fe\ ( Ki/k \ ( Kxjk \ ( Ki/k \ 

\{iOi,l)) \{UJ1.2)) \{ull,z)) \{u11a)) 

$[ro,so;l,l](2;7)p^ -1 -1-1 1 \ 

-2 -4 -2 

-10 -4 2 

-3 -13 -11 9 



[ro,so;l,2](^7)p 



'^[ro,so;l,3](^7)p 
$[ro,so;l,4](2;7)p V 



A(ro,So). 



Since det(A7(ro, Sq)) = 2^ is prime to p, f l6.5p is true by Theorem 16.31 
(ii) First, suppose that p 7^ 3, 5, 11. In a similar way as in (i) we obtain 



-4ii(ro,So) 



/-I 


-1 


-1 


-1 


-1 


1\ 


-2 


-4 


-2 


-4 


-2 





-4 


-6 


-4 


-10 





-2 


-7 


-3 


-11 


-21 


-3 


1 


-7 


-5 


-25 


-29 


-1 


-1 


V-10 


-2 


-48 


-34 


-6 


4/ 



Since det(/lii(ro, Sq)) = 2^ ■ 3 ■ 5^ is prime to p, we get ( 16. 6 p by Theorem 16.31 If 
p = 3, then the rank of Mii(3) is equal to 5. Since p f 11 ■ 5, by Theorem 15.51 we 
obtain GaX^K^jk^) = (Z/3Z)^ for all /x G N. And we observe that the determinant 
of the matrix 



Ki/k 



Kjjk; 



' Ki/k' 



Ki/k- 



$[ro,so;l,l] (2^11)3 / 
*[ro,so;l,2] (2:11)3 
*[ro,so;l,3] (2^11)3 
*[ro,so;l,4] (2:11)3 
*[ro,so;l,5] (211)3 V 



/ Ki/k \ (Kjjk\ ( Ki/k \ ( Ki/k \ ( Ki/k \ 
VK,2)y \{iOi-s)) U^l,4)^ \{c^l,5)) y{i^l,6)) 



-1 

-4 
-6 
-3 

-5 



-1 
-2 

-4 
-11 
-25 



-1 
-4 
-10 
-21 
-29 



-1 

-2 



-3 

-1 



1 




\ 



/ 



is equal to 2^ ■ 5 ■ 11 which is prime to 3. Using the formulas (16. 4 p we can conclude 

(ET 
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(iii) First, suppose that p 7^ 3, 5, 13. Then we derive 

/ 



^i3(ro,So) 



Since det(y4i3(ro, Sq)) = —2^^ ■ 5^ is prime to p, we have (16 .Sp again by Theorem! 
If p = 5, then the rank of Mi3(5) is equal to 6. Since p f 13-6, it follow from Theorem 
ESlthat Gal{Kf,/k^) = (Z/5Z)6 for all // G N. Observe that the determinant of the 
matrix 

( Ki/k \ ( Ki/k \ ( Ki/k \ ( Ki/k \ ( Ki/k \ ( Ki/k \ 

\{u>i,2)) W'^I.S)/ Mc^l.4)^ W^l,5)/ y{ull,6)^ M^^l.y)/ 

\ 



-i 


— i 


— i 


— i 


— i 


-2 


-4 


-2 


-4 


-2 





-10 


-4 


-6 


-4 


5 


-19 


-7 


-11 


-11 


7 


-35 


-13 


-13 


-19 


2 


-60 


-18 


-8 


-32 


-10 


-84 


-28 


2 


-54 



-1 


1\ 


-4 


2 


-10 


8 


-13 


11 


-15 


13 


-22 


20 


-22 


20/ 



^[ro,so;l,l] (2^13)5 


( -1 


-1 


-1 


-1 


-1 


1 


•^[ro, so; 1,2] (2:13)5 


-4 


-2 


-4 


-2 


-4 


2 


'^[ro,so;l,3] (2:13)5 


-10 


-4 


-6 


-4 


-10 


8 


'^[ro,so;l,4] (2:13)5 


-19 


-7 


-11 


-11 


-13 


11 


'^[ro,so;l,5] (2:13)5 


-35 


-13 


-13 


-19 


-15 


13 


$[rn.sn;1.6l (2:13)5 


V -60 


-18 


-8 


-32 


-22 
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is equal to —2^ ■ 31 which is prime to 5. Using the formulas (16 ■4p we can ensure 

(EHD. 



(iv) In this case det(y45(ro, Sq)) = so that we should find another generators of K- 



2^-1-0 



over k2fj.-i-a- By ^ p. 316], H2^^i^a/ S2^~a is generated by real units of k for 
any odd prime p. Using the idea of the proof of Theorem 15. 5[ one can show that 

((y9*(S'2^_l„„)niJ2/i,_l-a)/5'2/i,-a = {0}, and so $[ro,so;M(^5)p" ^ ^2^-1-0 for 1 < Z < 



3. Note that Cp^M-c, G 2lo(r(2p2A'- 



2p2M 



-q)) is i?2p2M- a -invariant, hence Cp2M-a G 



K2^-i~a by Proposition lO Since Nk/Q{oj2fi-i-a,j 
for 1 < j < 3, we get 

■\ ('^2ij,~l~a.i) ) 



2p2M-l-a ^^^Q^ 2p2/^-") 



(6.11) 



St>2M— CK 



Now, observe that the determinant of the matrix 



L Cp2M-« for 1 < j < 3. 



Cp2 



/ 



( Ki/k \ / Ki/k \ / Ki/k \ 
i. (1^1,1);' \{ui,2)) W'^1,3)/ 



ro,so 



;l,l](^5)p 



<^[ro,so;l,3](2:5)p V ~^ 

23 



-2 
-1 
-6 



1 
4 



is equal to —2^ which is prime to p. Therefore, we obtain fl6.10p by (16. 4p and (16. lip . 



D 



Remark 6.5. (i) Especially when /i = 1, Corollary 16. 41 (iv) is reduced to Komatsu's 
work (pi Proposition 1]) with a little different ingredients. 



(ii) The following table provides prime factors of det{Ae{ro, Sq)) for i < 89. 



£ 


prime factors of det(74^(ro, Sq)) 


3 

5 


2 



7 


2 


11 


2,3,5 


13 


2,5 


17 


2, 7, 17, 43 


19 


2, 3, 36137 


23 


2, 3, 11, 13, 29, 89, 241 


29 


2, 3, 5, 13, 113, 58057291 


31 


2, 3, 31, 109621, 1216387 


37 


2, 5, 13, 37, 53, 109, 10138325056259 


41 


2, 5, 11, 17, 41, 439, 1667, 166013, 203381 


43 


2, 3, 19, 43, 211, 281345721890371109 


47 


2, 5, 83, 139, 5323, 178481, 6167669171116393 


53 


2, 3, 5, 139, 157, 1613, 4889, 1579367, 28153859844430949 


59 


2, 3, 59, 233, 3033169, 1899468180409634452730252070517 


61 


2, 5, 11, 13, 41, 1321, 1861, 1142941857599125232990619467569 


67 


2, 3, 67, 683, 12739, 20857, 513881, 1858283767, 986862333655510350967 


71 


2, 5, 7, 31, 79, 127, 1129, 79241, 122921, 68755411, 1190061671, 




3087543529906501 


73 


2, 7, 73, 79, 89, 16747, 134353, 5754557119657, 1150806776867233, 




1190899 


79 


2, 5, 7, 13, 29, 53, 1427, 3847, 8191, 121369, 377911, 1842497, 51176893, 




357204083, 32170088152177 


83 


2, 3, 13, 17387, 279405653, 43059261982072584626787705301351, 




8831418697, 758583423553 


89 


2, 17, 23, 89, 113, 313629821584641896139082338756559409, 4504769, 




118401449, 22482210593 
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